This study presents an investigation on the axial negative thermal expansion of a-PbAlBO 4 and b-PbAlBO 4 . Polycrystalline and single-crystal samples were prepared by solid-state synthesis method, characterized by temperature-and pressure-dependent X-ray and neutron diffraction experiments. The axial negative linear compressibility (NLC) is known for the a-polymorph, although structurally different the b-polymorph also shows similar NLC phenomenon. The lattice thermal expansion was described using the first-order Grü neisen equation of state, where the vibrational energy was calculated using the Debye-Einstein-Anharmonicity model. The density functional theory (DFT)-based phonon density of states and Raman spectra helped to choose the characteristic frequency to model the metric parameters. Lattice thermal expansion was additionally simulated in the quasi-harmonic approximation using the planewave DFT approach at the PBEsol level. The apparent departure of the quasiharmonic approximation model has been discussed in terms of associated thermodynamic functions. The interplay between the topology-induced negative cross-compliance and anisotropic Grü neisen parameter has been identified as the driving force for the axial negative linear compressibility and axial negative thermal expansion.
Introduction
As a member of the isotypic PbMBO 4 mullite-type phases, PbGaBO 4 was first synthesized and characterized by Park et al. [1] followed by extensions for M = Al [2] and M = Fe/Cr/Mn [3] . The crystal structure of PbMBO 4 can be described using the orthorhombic space group Pnma with Z = 4. Of the known compounds, only the mullite-type (a-phase) aluminum analogue is reported to show a reconstructive phase transition [2] at elevated temperatures (1048 K) into orthorhombic b-PbAlBO 4 (Pbcn, Z = 8). The low-temperature a-PbAlBO 4 polymorph belongs to a member of the mullite family [4] when the alternative Pnam setting [5] was chosen. Such an unconventional orthorhombic setting describes the straight chains of edge-sharing MO 6 octahedral units along the c axis, which is advantageous to compare the crystal-chemical properties to those of the mullites and the b-PbAlBO 4 polymorph. The b-PbAlBO 4 phase possesses similar octahedral chains; however, at every three MO 6 -units, the chain is kinked, resulting in a zigzag-structural motif similar to that of borax [6] . The coordination environments of the constituent atoms of both polymorphs are almost identical. Aluminum is octahedrally coordinated by oxygen, boron occupies the center of a trigonal planar group and the lead atoms are located at the apex of a distorted square pyramid with four oxygen atoms, as shown in Fig. 1 . Alike many lead(II)-oxo-compounds such as litharge [7] and massicot [8] , the 6s 2 lone electron pairs (LEPs) in both polymorphs are stereochemically active. The corresponding a-PbFeBO 4 compound is known to exhibit axial negative thermal expansion (ANTE) along the a-direction and positive expansivity along the other two orthorhombic axes, leading to a strong expansion anisotropy. However, an overall positive volume thermal expansion was observed for a wide temperature range from 10 to 700 K [9] . Thermal expansion anisotropy develops stresses in particular in the non-cubic sintered materials during thermal cycling [10] , resulting in microcracking and pressure-induced phase transformations [11] . It is therefore important to understand the origin of the anisotropy along with strong ANTE in PbMBO 4 for potential applications of this class of materials. Although a-PbAlBO 4 and b-PbAlBO 4 phases are structurally different ( Fig. 1) , we demonstrate how the ANTE can be explained in terms of their elastic and thermodynamic properties. The experimental findings are complemented by lattice dynamical calculations in the quasi-harmonic approximation (QHA) [12] .
Experimental Synthesis a-PbAlBO 4
Single crystals of a-PbAlBO 4 are prepared by a spontaneous crystallization process from a non-stoichiometric melt composed of 3.20 g PbO, 0.4686 g B 2 O 3 , and 0.3306 g c-Al 2 O 3 . The precursor mixture was thoroughly homogenized by grinding under acetone and placed into a platinum crucible after drying in air. Crystallization was achieved by heating the sample at 1073 K for 12 h followed by slow cooling at 5 K/h. Columnar crystals (* 50 lm 9 1000 lm) were embedded in the clear matrix of an oxidic glass. After removal of the glassy matrix with hot dilute acetic acid, the crystals were collected. For the powder synthesis using the glycerin method [13] , stoichiometric amounts of Pb(NO 3 ) 2 , Al(NO 3 ) 3 Á9H 2 O, and 11 B(OH) 3 were dissolved in 50 mL deionized water with an addition of 10 wt% of glycerin with respect to the total mass of the metal nitrates and boric acid. The mixture was stirred at 353 K until solidification under release of NO x gasses. The solid mixture was then dried at 473 K followed by grinding and calcination at 973 K into final product. 
b-PbAlBO 4
Single crystals of b-PbAlBO 4 were also prepared by spontaneous crystallization using identical amounts of the precursors. Crystallization was carried out by heating the sample at 1023 K for 12 h followed by air quenching. Idiomorphically shaped tiny crystals (50-150 lm) were embedded in an opaque matrix composed of oxidic glass and microcrystalline a-and b-PbAlBO 4 phases. After removal of the matrix by washing with hot diluted acetic acid, the macrocrystals were material was recovered by sieving with a 40-lm sieve. The crushed single-crystal material was characterized by powder X-ray diffraction.
Polycrystalline samples of b-PbAlBO 4 could also be obtained by careful heating of the a-PbAlBO 4 powder at a narrow temperature range between 1043 and 1048 K, as shown in Fig. 2 . The evolution of the metric parameters of the a-PbAlBO 4 phase only slightly changes below 1033 K. Afterward, the cell volume of the a-PbAlBO 4 significantly increases due mainly to high-temperature anharmonicity close to decomposition/melting. Thus, the formation of b-PbAlBO 4 at about 1048 K can be explained in terms of first-order phase transition [2] .
Powder diffraction
Low-temperature diffraction data were collected on a 11 B-enriched a-PbAlBO 4 sample using the neutron time-of-flight instrument POWGEN at Oak Ridge National Laboratory spallation neutron source.
Temperature-dependent data were collected between 10 and 90 K using 5 K increments, followed by 10 K slices between 100 and 300 K. The measurements at 10 K, 100 K, 200 K, and 300 K were done for 1.5 h covering a d-spacing of 30-620 pm, while all other steps were measured for 10 min, covering a d-spacing of 40-360 pm. For b-PbAlBO 4 , the low-temperature X-ray powder diffraction data were collected on a STOE Stadi MP powder diffractometer using an Oxford Cryosystems PheniX closed-cycle cryostat for temperature control. The sample was measured between 15 and 300 K with an increment of 5 K. To follow lattice thermal expansion for a wide range, high-temperature X-ray powder diffraction data between 290 K and 1000 K with a temperature slice of 10 K were collected using an Anton Paar HTK 1200 N heating chamber mounted on a Panalytical X'Pert diffractometer. The sample was equilibrated for 10 min at each temperature step and measured for 20 min. The fundamental parameter approach, where the fundamental parameters were fitted against a LaB 6 standard material, was applied for the Rietveld refinement using ''Diffrac Plus Topas 4.2'' software (Bruker AXS GmbH, Karlsruhe, Germany). The starting atomic coordinates were taken from the results of the single-crystal diffraction data (''Single crystal diffraction'' section). The atomic coordinates, isotropic displacement parameters, and lattice parameters were optimized. The Rietveld plot of the representative neutron powder data collected at 10 K are shown in Figure S1 (Supplementary Information). 
Single-crystal diffraction
For single-crystal X-ray diffraction, crystals of (0.06-0.17) 3 mm 3 were measured on a Bruker AXS D8 Venture diffractometer equipped with a PHOTON 100 area detector and a kappa-style four-circle goniometer. The measurement was performed using Mo (71.073 pm) radiation monochromatized by pyrolytic graphite. Data were collected between 80 and 300 K using an Oxford Cryosystems KRYOFLEX II. The high temperatures (above RT) were recorded using a custom blower-style heating attachment. The semiempirical method implemented in SADABS was used for absorption correction, leading to R int values ranging from 3.2 to 5.1% and R sigma from 1.2 to 4.0%, depending on the crystal and measuring conditions. The structures were solved and refined using the SHELX-2016/6 program suite [14] . The final refinements needed 41 and 67 variable parameters for the a-and b-polymorph, respectively. Refinements converged to R 1 of 2.0-3.6%. The calculated structural data obtained at 300 K are given in Tables S1-S3 (Supplementary Information).
Raman spectroscopy
Raman spectra were recorded on a LabRam ARAMIS (Horiba Jobin-Yvon) micro-Raman spectrometer equipped with a laser working at 532 nm and less than 20 mW. The use of a 50 9 long working distance objective (Olympus) with a numerical aperture of 0.55 provides a focus spot of about 2 lm diameter when closing the confocal hole to 200 lm. The spectra were collected in the range 90-1600 cm -1 with a spectral resolution of approximately 2.3 cm -1 using a grating of 1800 grooves/mm and a thermoelectrically-cooled CCD detector (Synapse, 1024 9 256 pixels). For the low-temperature measurements, the sample was placed on a Linkam cooling stage (THMS600) attached to a pump (LNP95 Cooling Pump) that provides a continuous flow of liquid nitrogen. The measurements were carried out between 78 and 650 K with successive step of 10 K. For temperature-dependent data analysism, each spectrum was baseline-corrected and fitted (pseudo-Voigt) with the 'LAMP' software [15] that allowed for a precise determination of the band positions and line-width. Deconvolution of some spectral parts, due to overlapping with increasing temperature, into single pseudo-Voigt components was also carried out using LAMP facilities.
High-pressure XRD
The precise pressure values for equation-of-state (EoS) determination were obtained through singlecrystal X-ray diffraction on a quartz-standard (40 9 40 9 20 lm 3 ) using the reference compressibility given by Scheidl et al. [16] and the 8-position centering technique [17] . The data were recorded using a Stoe AED II four-circle diffractometer with Mo-Ka1,2-radiation (k & 71 pm) from a conventional fine-focus sealed tube at 40 kV and 40 mA. A minimum of 15 (respectively 12, sample crystal/quartz) unique reflection octets were used for peak centering of each pressure point. The software SINGLE [18] was used for controlling the diffractometer and to calculate the lattice parameters by applying refinements with symmetry-constraint vector least squares. The pressure for the individual data sets taken for this isothermal compression study ranges from ambient conditions up to around 8 GPa. Prior to fitting an EoS equation, f-F plots [19] were used to evaluate the influence of the pressure derivatives K 0 and K 00 on reproducing the compressibility given by the data points. Then, the EoS parameters were determined through fitting a third-order Birch-Murnaghan equation with the software EoSFit7 [19] . The single crystals were loaded in diamond-anvil cells of ETH-type [20] using a mixture of 4:1 methanolethanol as pressure-transmitting fluid. The experiments were carried out using diamond anvils with a culet-face diameter of 600 lm. The sample-crystal size was about 60 9 40 9 40 lm 3 and the stainlesssteel gasket hole had a starting diameter of around 250 lm and a starting thickness of around 100 lm.
Computational details
The density function theory (DFT) calculations were performed using the projector augmented wave formalism as implemented in the QuantumESPRESSO [21, 22] package with scalar relativistic pseudo-potentials at the PBEsol level [23] . The Monckhorst-Pack mesh as well as the kinetic energy cutoff for the plane wave expansion were converged till a total energy of the cell DE \ 0.01 eV/cell, forces acting on the atoms DF * 0.01 meV/pm and total stress Dr * 1 kPa. These considerations yielded a kinetic energy cutoff of 1360 eV and a 3 9 3 9 3 Monckhorst-Pack mesh for both a-PbAlBO 4 and b-PbAlBO 4 phases. The strained cells R 0 are constructed from the reference cell R by R 0 = R (I ? E). Here I is the 3 9 3 identity matrix and E contains the elements of the strain required to compute the nine independent elastic constants of the orthorhombic system. These are achieved by considering six separate strain states, where only one entry is nonzero at a time followed by relaxing the internal degrees of freedom (lattice coordinates). Mode-Grü neisen parameters are determined by first computing phonon frequencies on a 2 9 2 9 2 grid for a-PbAlBO 4 and in the zone center for b-PbAlBO 4 using the fully relaxed cell. Sampling of the Brillouin zone had to be limited to the zone center for b-PbAlBO 4 due to the increased computational expense associated with the larger cell. In addition to the phonons of the fully relaxed models, the phonons of three strained models with the a, b, and c lattice parameters compressed to 0.999 of the original length were computed. After relaxing the internal degrees of freedom (fractional coordinates) of the strained structures, phonon frequencies were computed. The mode-Grü neisen parameter (c i ) was calculated from the change of frequency (x i ) with respect to change of the lattice parameter (M):
Some data were handled and evaluated using the numpy [24] library, and figures were generated by matplotlib [25] and structural renderings by VESTA [26] .
Results and discussion
Crystal structure
As shown above ( Fig. 1 ), the main difference between these two polymorphs is in the octahedral chains. In the a-polymorph, the octahedra are linear connecting the opposite edges of the equatorial oxygen atoms, leading to an octahedral canting of around 15.5°as shown in Fig. 3 . The canting angle in the b-polymorph (only the equatorially connected octahedra) is slightly higher (17.5°) than that of the a-phase (Fig. 3f) . The canting angle remains almost constant within the investigated temperature range with slight fluctuation of about 0.5°. Both the bond angle variance and the mean quadratic elongation of the AlO 6 octahedra [27] are slightly higher for the mullite-type phase (Fig. 3a, b ) than those of the boraxtype polymorph (calculated for crystallographically independent two aluminum atoms termed as beta1 and beta2). Both these parameters increase with increase in temperature, showing comparable temperature-dependent behavior. The same is also true for the planarity of the BO 3 -group, which is defined as the distance of boron from the O3-basal plane of the BO 3 -group [28] . The off-plane distance was found to be about 0.8(10) pm for the mullite-type and 1.5(5) pm for the borax-type phase (Fig. 3d) , respectively, which stays unchanged in the whole temperature range within the estimated uncertainty. As a measure of the polyhedral distortion due to stereochemical activity of the LEPs of Pb 2? cation, the Wang-Liebau eccentricity (WLE) parameter [5, 29, 30] for the a-phase is higher than that of the b-polymorph at any given temperature, which sharply decreases with increasing temperature in both systems (Fig. 3c ). The decrease in the WLE parameter with temperature gives rise to release of distortion around the lead atom. This might be correlated with the delocalization of the lone electron pair on the apex of the PbO 4 square pyramid scattered by thermally induced phonons, leading to weaken the stereochemical activity. The continuous change of the WLE parameter does not hold any hint for second-order phasetransition. Within rather a higher ([ 0.1 v.u.) global instability index (GII) due mainly to geometric distortion both polymorphs are stable. Considering the GII as an electronically stability factor [31] , the b-PbAlBO 4 is slightly more stable than the a-phase indicated by the smaller GII value. The apparent decreases in the GII with increasing temperature (Fig. 3e) 
Elastic property
The elastic properties encode a materials strain-response to external or internal stresses such as the vibrational pressure and are therefore a necessary part of lattice thermal expansion. The calculated elastic stiffness coefficient (c ij ), elastic compliance (s ij ), bulk modulus (K 0 ) and axial incompressibility (K M ) are given in Table 1 . The K M in the a-, b-, and c-direction are calculated from the respective elements of the compliance tensor:
The elastic stiffness coefficients along the principal directions are consistent with those of the characteristic order (c 33 [ c 22 [ c 11 ) in mullites [32] . The higher c 33 value in the alpha phase mainly arises from the intrinsic stiff octahedral chains running parallel to the c-direction, which is about 10% lower for the betaphase due to zigzag nature of these chains. The substantial difference between the longitudinal stiffness coefficients in both systems shows the compounds to be mechanically anisotropic. Whereas the anisotropy for the shear stiffness coefficients follows the order c 44 [ c 66 [ c 55 in the alpha-phase, the respective planes in the beta-phase follow c 66 [ c 44 [ c 55 . Anisotropy can also be seen in the off-diagonal stiffness coefficients, as evidenced by the pronounced negative s 12 compliances (Table 1 ). Both polymorphs are predicted to exhibit negative K b . This agrees well with the earlier findings in the high-pressure studies on a-PbAlBO 4 [33] , where the application of a hydrostatic pressure led to expansion of the b cell parameter up to * 3 GPa. Figure 4 shows the pressure-dependent metric parameters of b-PbAlBO 4 , where the predicted NLC phenomenon can be seen in the b-direction up to 1 GPa. In accordance with the computed compliances (Table 1) , the a-lattice parameter compacts about three times higher than the c-parameter (Table 1 ) in a given pressure range (Fig. 4) . Although the compliances are comparable in the a-and b-directions, the cross-compliances play important roles in determining the pressure response to the change of the metric parameters. The bulk modulus extracted using the third-order Birch-Murnaghan equation of state agrees well with the calculated ones ( Table 2 ). The experimental data also confirms the DFT-predicted lower bulk modulus of the b-PbAlBO 4 compound.
The cross-compliance effect between the a-and baxes (s 12 ), can be attributed to the topology of the compounds from the mechanical model in Fig. 5 .
Both weak Pb-Pb interactions and strong Pb-O and B-O bonds stabilize the structure by serving as linking elements between the AlO 6 chains. The M-O bonds provide high tensile strength, represented by mechanical struts.
The LEP-LEP electrostatic interaction serves as an easily stretchable and compressible buffer. The resulting Nü rnberg scissor-like motif can develop strong negative cross-compliance-a common mechanism for negative axial incompressibility [34, 35] . Structures exhibiting negative axial incompressibility often, but not necessarily, also show ANTE [36] [37] [38] along the associated crystallographic direction. However, this is not the case in either of these compounds. Another major contributing factor to the thermal expansivity is the lattice dynamics of the materials.
Thermal expansion
Temperature-dependent evolution of the metric parameters, TECs along with the respective model lines (discussed later) are shown in Fig. 6 .
Whereas the linear incompressibility follows the order as |K c | [ |K a | [ |K b | for both systems, the axial TECs follow the order |a b | [ |a c | [ |a a | at any given temperature. This observation violates the empirical rule (the lowest thermal expansion occurs to the elastically stiffest crystal direction). The discrepancy cannot be explained from pure geometric consideration, and the underlying microscopic sources will be discussed later via the Debye-Einstein-Anharmonicity (DEA) model [28, [39] [40] [41] [42] [43] [44] [45] [46] [47] description. The TECs are nonlinear and well separated at higher temperatures, thus anisotropic in nature. The anisotropy factor (A) has been calculated using the following expression and given in Fig. 7 . 
The A(T) curves are almost linear for both polymorphs, giving no hint of a phase transition, as usually indicated by asymptotic saturation or sudden change (point of inflection) of the linear feature. Upon application of force, the corresponding change of the axial dimension is shown on the right-hand side. 
Lattice dynamics
Factor group analysis predicts 84 and 168 phonon modes for a-PbAlBO 4 and b-PbAlBO 4 , respectively, resulting in a denser phonon dispersion for the bpolymorph. Due to the substantial mass difference between the constituent atoms, the phonon dispersion and phonon density of state (PDOS) can be separated into groups of vibrational features, as shown in Fig. 8 . The constituent atomic PDOS (Figure S2 , Supplementary Information) also depicts that the low-frequency region (\ 150 cm -1 ) is dominated by the vibrations of the heavy lead atoms (PbO 4 ). Between 150 and 733 cm -1 , the PDOS continua are populated by aluminum, oxygen and boron vibrations (AlO 6 , BO 3 ). The high-frequency region above 733 cm -1 is mainly dominated by boron-and oxygen-related vibrations (BO 3 ) followed by a wide phononic band gap in either side of a discrete Einstein-type PDOS at 940 cm -1 (Fig. 8 ). The O1 oxygen atom does not share direct bonding with the BO 3 group in either polymorph ( Fig. 1) leading to an insignificant contribution to the PDOS above 750 cm -1 (Fig. S2) . The vibrational bands around 940 cm -1 correspond to symmetric BO 3 -stretching vibrations, involving mainly the movement of the O2 and O3 atoms directly bound to the boron atom.
Raman
Temperature-dependent Raman spectra and the frequency changes of some selective bands are shown in Figure S3 and Figure S4 (Supplementary Information) , respectively. The volume-dependent mode-Grü neisen parameters were extracted from the temperature-dependent Raman data. For the calculation of isothermal Grü neisen parameter (Eq. 1), the temperature-dependent cell volumes are taken from the models of the metric parameters. From the Raman frequencies, indication of negative mode-Grü neisen parameters was not observed over the investigated temperature range. The low-frequency region possesses higher anharmonicity (Grü neisen parameter) which gradually decreases to the high-frequency region, as shown in Fig. 9 
Thermal expansion modeling
As shown by Fortes et al. [47] , the thermodynamic Grü neisen parameter (c) can be expressed in terms of a V as follows: 
where K T is the isothermal bulk modulus, V the unit cell volume and C V the isochoric heat capacity. Assuming c and K T to be temperature-independent, integration of Eq. 4 leads to Grü neisen first-order approximation:
Here U(T) denotes the temperature-dependent internal energy and V 0 the cell volume at 0 K which carries the zero-point energy of the system. Using the thermoelastic constant k = c/K T , and describing the internal energy by the DEA [44] model, any metric parameter (M) can be expressed as:
where
Although Eq. 6 allows as many terms as necessary to improve the agreement between the observed and the model data, the PDOS guides to limit the number of Debye (h D ) and Einstein (h E ) characteristic temperature terms for a physically meaningful simulation. In either case, since the high-temperature TECs saturate below the Dulong-Petit limit within the investigated temperature, the anharmonicity term [48] (third term in Eq. 6 setting to â = 0) was not considered. For the simulation of any metric parameter, excellent agreement between the experimental and the model data can be achieved using only a single Debye and single Figure 9 Isothermal mode-Grüneisen parameter (MGP) calculated from the volume-dependent Raman frequency. The dashed line is for the eye guideline and the uncertainty is within the size of each marker.
Einstein term (d = 1, e = 1, â = 0, see Fig. 6 ). The fitting parameters are given in Table 3 .
The volume Debye temperatures of 521 K and 561 K for a-and b-phase correspond to the Debye spectrum cutoff frequency of 362 cm -1 and 390 cm -1 , respectively. These values cover * 46% and * 52% of the first continuum of the PDOS for a-and bphase, respectively. The Einstein frequencies for the a-and b-phases are 1100 cm -1 and 1180 cm -1 , respectively, thus lies close to the highest vibrational frequency observed by Raman (Fig. S4 ) as well as calculated by DFT (Fig. 6) . The characteristic temperatures are significantly larger in the a-direction than that in the b-or c-direction as well as for the volume expansion of both polymorphs ( Table 3 ). The QHA-based DFT model also predicts the cross-compliance between the a-and b-direction (Table 1) , leading to negative TECs for both a-PbAlBO 4 and b-PbAlBO 4 (Fig. 6 ). In both phases, the thermal expansion remains close to zero in the a-direction for a wider temperature range. The deviation of the QHA-model from the observed data originates from the Grü neisen approximation, where both the Grüneisen parameter and the bulk modulus are assumed to be temperature-independent. In contrast, the DEA model allows for changing the thermoelastic constant (Eq. 6) and splitting the characteristic frequency spectra, leading to restore the model line close to the observed data. Since none of axial Grü neisen parameter (c M ), as shown in Figure S5 (Supplementary Information) shows negative values at any given temperature, the source of the ANTE can be sought from the following axial thermal expansion expressions:
The c b and c c are significantly greater than c a (Fig. S5) . 
Conclusion
The thermal expansivity in both the a and b-polymorph of the mullite-type PbAlBO 4 were measured using both neutron and X-ray powder diffraction techniques followed by DEA and DFT-based quasiharmonic modeling. The elastic properties and lattice dynamics of both compounds were computed within the framework of plane-wave density functional theory. The driving force for the NLE is an interplay between a topology-induced negative cross- compliance between the axes perpendicular to the characteristic octahedral chain motive and the anisotropic Grü neisen functions. While the axial bulk Grü neisen parameters do not become negative at any given temperature, they exhibit a significant directional anisotropy, which, combined with the negative cross-compliances, produces the axial negative thermal expansion phenomenon in both polymorphs. Of the limited number of compounds exhibiting negative linear compressibility, Pb 3 O 4 (Minium) [49] bears a striking resemblance to a-PbAlBO 4 which can be considered as the aluminum-and boron-substituted analogue to Pb 3 O 4 . Minium shows negative axial thermal expansion in its low-temperature orthorhombic (Pbam) phase [50, 51] and negative linear compressibility [49] in the isostructural highpressure (II)-phase. Despite their chemical differences, the physical properties are markedly similar between these two compounds. Therefore, the structure motive of infinite chains and hinging units appears to be a common feature for negative linear compressibility and axial negative thermal expansion.
